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1 Problem 1.a

From the exercise we know that the dyadic Green’s function is given by

↔
G(r, r′) =

[
1 +

1

k2
∇∇

]
, G0(r, r′)

where the scalar Green’s function G0(r, r
′) is given by

G0(r, r′) =
eik|r−r′|

4π|r− r′|
.

Let’s define

∂2

∂x∂y
:= ∂xy,

to write the components of the dyadic Green’s function as

↔
G(r, r′) =

 k2 + ∂xx ∂xy ∂xz
∂yx k2 + ∂yy ∂yz
∂zx ∂zy k2 + ∂zz

 eik|r−r′|

4πk2|r− r′|
.

Because G0(r, r′) only depends on |r− r′|, we define R = |r− r′|, R = r− r′, and R̂ = r−r′
|r−r′| .

Hence, we obtain,

∇G0(R) =
d

dR
(G0(R))∇R =

(
ik − 1

R

)
G0(R)∇R,

and with

∇R =
x− x′ + y − y′ + z − z′√

(x− x′)2 + (y − y′)2 + (z − z′)2
=

R
R

= R̂,

it follows

∇G0(R) =

(
ik − 1

R

)
G0(R)R̂.

Now we want to compute

∇∇G0(R) = ∇
(
ik − 1

R

)
G0(R)R̂ +

(
ik − 1

R

)
∇G0(R)R̂ +

(
ik − 1

R

)
G0(R)∇R̂.

At first, we consider the first term in the right-hand side of the equation,

∇
(
ik − 1

R

)
= −∇ 1

R
= − d

dR

(
1

R

)
∇R =

R̂
R2

.

Now, we calculate ∇R̂,

∇R̂ = ∇
(

R
R

)
=
∇R
R

+ R∇ 1

R
,
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in which we can easily see that ∇R = 1 and ∇ 1
R = − R̂

R2 . As a result,

∇R̂ = (1− R̂R̂)
1

R
.

Now we just substitute all these parts in the first
↔
G(r, r′) equation.

↔
G(R) = 1G0(R) +

1

k2R2
R̂R̂G0(R) +

1

k2

(
ik − 1

R

)2

R̂R̂G0 +
1

k2

(
ik − 1

R

)
1

R
(1− R̂R̂)G0(R)

=

[
1 +

3

k2R2
R̂R̂− R̂R̂− 3i

kR
R̂R̂− 1

k2R2
1 +

i

kR
1

]
G0(R).

Finally we have

↔
G(R) =

[
(1− R̂R̂) +

i

kR
(1− 3R̂R̂)− 1

k2R2
(1− 3R̂R̂)

]
G0(R).

The first term in the bracket (1− R̂R̂) determines the far field and the rest expresses the near
field.

2 Problem 1.b

The Fourier spectrum of the electric field, as it evolves along the z-axis, can be written as

E(kx, ky, z) = E(kx, ky, 0)e
±ikzz,

where the inverse Fourier transform is given by

E(x, y, z) =

¨
dkxdky E(kx, ky, z)e

ikxxeikyy.

We have to derive an equation by considering the evolution of the Fourier component by
inserting the inverse Fourier transform in the vector Helmholtz equation given below,

(∇2 + k2)E(x, y, z) = 0,

where, ∇2 = (∂2x + ∂2y + ∂2z ).
Since the inverse Fourier transform is a linear expression, we can exchange the integration

with the derivative. Therefore, we have the Helmholtz equation written on the Fourier compo-
nents of the electric field,¨

dkxdky(∇2 + k2)E(kx, ky, z)e
i(kxx+kyy) = 0.

Then we have,¨
dkxdkyk

2
zE(kx, ky, z)e

i(kxx+kyy) + ∂2zE(kx, ky, z)e
i(kxx+kyy) = 0,

where k2z = (−k2x − k2y + k2). Hence, the condition becomes, [∂2z + k2z ]E(kx, ky, z) = 0. This is
a 1D equation, with solution

E(kx, ky, z) = E(kx, ky, 0) e
±ikzz.

2



Nano-Optics,
WS 2020 Solution sheet I Deadline: 12.11.20

3 Problem 2

A(x, y, z − z0) =
−ikZµε

4π

eik
√
x2+y2+(z−z0)2√

x2 + y2 + (z − z0)2
nx

=
−ikZµε

4π

i

2π
nx

∞̈

−∞

eikxx+ikyy+ikz |z−z0|

kz
dkxdky.

For the field we have

E(x, y, z − z0) = iω

(
1 +

1

k2
∇∇·

)
A(x, y, z − z0).

As we already know,

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
, ∇ · nx =

∂

∂x

Now, with the substitution of A(x, y, z − z0) in the field equation, one obtains

E =
iωZµε
8π2

(1).nx ∞̈

−∞

eikxx+ikyy+ikz |z−z0|

kz
dkx dky +

1

k2
∇
∞̈

−∞

ikx
kz
eikxx+ikyy+ikz |z−z0| dkx dky


=
iωZµε
8π2

1
0
0

 ∞̈

−∞

eikxx+ikyy+ikz |z−z0|

kz
dkx dky +

1

k2

∞̈

−∞

ikx
kz

 ikx
iky

ikz sgn(z − z0)

 eikxx+ikyy+ikz |z−z0| dkx dky

 .
As we defined before the angular spectrum representation of the electric field,

E(x, y; z) =

∞̈

−∞

Ê(kx, ky, z)e
i(kxx+kyy) dkx dky,

a comparison of these two equations gives us

Ê(kx, ky, 0) =
iωZµε
8π2

eikz |z−z0|

kz

 1− k2x/k2
−kxky/k2

−(kxkz/k2) sgn(z − z0)

 .

For z → +∞ the evanescent waves will disappear, which means that only the Fourier terms
with k2 ≥ k2x + k2y must be considered, hence

lim
z→+∞

Ê(kx, ky, 0) =
iωZµε
8π2

eikzz

kz

 1− k2x/k2
−kxky/k2
−(kxkz/k2)

 ,

and for the electric field we have

E(x, y, z) =
iωZµε
8π2

¨

k2≥k2x+k2y

 1− k2x/k2
−kxky/k2
−(kxkz/k2)

 eikxx+ikyy+ikzz

kz
dkx dky.
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Now we change the coordinate system,

kx = k sin θ cosφ,

ky = k sin θ sinφ,

kz = k cos θ,

dkxdky = k2 sin θdθdφ.

and rewrite the equations as

lim
z→+∞

Ê(kx, ky, 0) =
iωZµε
8π2

eik cos θ(z−z0)

k cos θ

 1− sin2 θ cos2 φ
− sin2 θ cosφ sinφ
− sin θ cos θ cosφ

 ,

E(x, y, z) =
iωZµε
8π2k

¨

k2≥k2x+k2y

 1− sin2 θ cos2 φ
− sin2 θ cosφ sinφ
− sin θ cos θ cosφ

 eik[sin θ cosφx+sin θ sinφy+cos θ(z−z0)]

cos θ
sin θ dθdφ.

For simplicity, we consider the case, x = y = 0,

E(0, 0, z) =
iωZµε
8π2k

¨

k2≥k2x+k2y

 1− sin2 θ cos2 φ
− sin2 θ cosφ sinφ
− sin θ cos θ cosφ

 eik cos θ(z−z0)]

cos θ
sin θ dθdφ

We know that
ˆ 2π

0
cosφ dφ = 0,

ˆ 2π

0
cosφ sinφ dφ = 0,

ˆ 2π

0
cos2 φ dφ =

ˆ 2π

0
(1− sin2 φ) dφ = π.

Then only the x-component of the electric field is not zero, which reads

Ex(0, 0, z) =
iωZµε
8π2k

ˆ π

0
π(2− sin2 θ)

eik(z−z0) cos θ

cos θ
sin θ dθ,

Ex(0, 0, z) =
iωZµε
8πk

ˆ π

0

(1 + cos2 θ)

cos θ
eik(z−z0) cos θ sin θ dθ,

Ex(0, 0, z) =
iωZµε
8πk

ˆ 1

−1

1 + x2

x
eik(z−z0)x dx.
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