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1 Problem 1.a

From the exercise we know that the dyadic Green’s function is given by

<~

G(r,x') = [1 + L

k2 VV:| , Go (I‘, I’l)

where the scalar Green’s function Go(r, ') is given by

o ) eik|r7r’|
o(r,r') = m
Let’s define
82
A 1= Ouy,
0xdy v

to write the components of the dyadic Green’s function as

8( ,) I;Q + azsz N g:cy gmz eik|r7r’|
r,r') = - s | ——.
O 0., K2to., ) T

~

Because Gy (r, ') only depends on |r — 1’|, we define R=|r—1r/|, R=r—r/, and R = =

Hence, we obtain,

<

VGo(R) = % (Go(R)) VR = (m - ;) Go(R)VER,

and with

VR — -2 +y—y +2-2 _

_R,
Ve =22+ (y—y)?+ (2 = 2)?

| o

it follows

Now we want to compute
. 1 A : 1 - o1 .
VVGy(R) =V <2k — R> Go(R)R + <zk — R) VGo(R)R + (zk — R) Go(R)VR.

At first, we consider the first term in the right-hand side of the equation,

_ 1 1 d /1 R
V<Zk_R) = VRTar (3) VE= T
Now, we calculate Vf{,

= "4+ RV

R VR 1
R R’
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in which we can easily see that VR = 1 and V% = _%. As a result,

VR — (1—RR)%.

A4
Now we just substitute all these parts in the first G(r,7’) equation.

o 1 1/ 1\’ 1/ 1\1 o
3 . .. 3i.. ] i
=1+ ——RR-RR—--—RR—- ——1+4+—1 .
[ T ep R RR R RR - et iR ]GO(R)
Finally we have
G(R) = |(1- RR) + -~ (1 - 3RR) — —— (1 — 3RR)| Go(R)
B kR k2 R2 R

The first term in the bracket (1 — RR) determines the far field and the rest expresses the near
field.

2 Problem 1.b
The Fourier spectrum of the electric field, as it evolves along the z-axis, can be written as
E(ky, ky, 2) = E(ky, ky, 0)e*H=2

where the inverse Fourier transform is given by

E(xuyu Z) = /]dedky E(kxu k;y7 Z)eikzxeikyy.

We have to derive an equation by considering the evolution of the Fourier component by
inserting the inverse Fourier transform in the vector Helmholtz equation given below,

(VQ + k‘2)E(IL‘, Y, Z) =0,

where, V2 = (07 4 0; + 02).

Since the inverse Fourier transform is a linear expression, we can exchange the integration
with the derivative. Therefore, we have the Helmholtz equation written on the Fourier compo-
nents of the electric field,

// dkeydky (V2 + k2 B(ky, ky, 2)e ko thoy) =,
Then we have,
//dkxdk:ysz(kx, ky, z)e' ket thuy) 4 92 Bk, ky, 2)eilksathyy) —

where k2 = (—kZ — k. + k). Hence, the condition becomes, [07 4 kZ]E(ky, ky, z) = 0. This is
a 1D equation, with solution

E(ky, ky, 2) = B(ky, ky, 0) eFH=2,
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—ikZe etk @2 +y?+(2—20)?

n
im ity + (2 - )

—ikZ zkxz—&—zk y+ikz|z—zo|
_ ik e L i // ! dkydky.

41

A(LU, Y,z — ZO) =

For the field we have

E(‘Tvyvz_z)— < +k2VV>A(:c,y,z—zO).

(200 N
-~ \ 0z’ Oy’ 0z ’ T ox

Now, with the substitution of A(z,y,z — 29) in the field equation, one obtains

As we already know,

. 1kz:p+zk +iky|z—z
E— ZWZ,ue nm// vy | o dk, dk i V// 1ky zk:g;:c-&-zkyy-‘rzk |z— zo\dk dk‘

82 k.
YA zkza:+zkyy+zk |z—z0| . . .
_ Zc;ﬂ;e // dk, dk + = kQ // ezkzac+zkyy+zkz|zfzo| dk, dky

ik, sgn z— 29)

As we defined before the angular spectrum representation of the electric field,

E(z,y; 2 // E(ky, ky, 2)e'Famk9) dk, dk,,

a comparison of these two equations gives us

ik |z—z0] 1- k:%/k2
—kyky/ k2

_(kmkz/kQ) sgn(z - ZO)

For z — 400 the evanescent waves will disappear, which means that only the Fourier terms
with k2 > k2 + k:z must be considered, hence

1WwZye €
872 k.

E(kza k;yv 0) =

ik,z 1- kg/kz

YA

i Bl k0= B e ).

Z —(k’xkz/k2)

and for the electric field we have

1-— k:2//<:2 e i ;

7 . T tkex+ikyy+ik.z
E(r,y,z) = 2 // leyphy /2 %dkm dk,.
k2>K2+k2 —(koks /K?) z
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Now we change the coordinate system,

k. = ksin 6 cos ¢,

ky = ksin 0 sin ¢,

k., = kcos#,
dk,dk, = k?sin 0d0de.

and rewrite the equations as

1 —sin?fcos? ¢
—sin?6f cos psin | |
—sin 6 cos 6 cos ¢

in“e etk cos 0(z—z0)

lim E =
2o (K, by, 0) 812 kcos6

iwZ 1 — sin? § cos? Qb eik[sin 0 cos ¢px+sin 0 sin py—+cos 6(z—z0)]
E(z,y,2) = WZII::E // —sin® 6 cos ¢ sin ¢

8 —sin 6 cos 6 cos ¢

sin 0 ddd¢.

cosf
k2>k2+k3

For simplicity, we consider the case, . =y = 0,

iwZ 1- Sin2 0 cos? ¢ eik cos 0(z—2zp)]
E(0,0,2) = ke // —sin?fcos psing | ——————— sinH dfd¢
8m2k 0 cos 0 cos 0
K2>k2+kz \ Sinbcostcos [0

We know that
2w
/ cos ¢ dp = 0,
0
2
/ cos psinp do = 0,
0

2m 2
/ cos? ¢ do = / (1 —sin? ¢) d¢ = 7.
0 0

Then only the x-component of the electric field is not zero, which reads

iwZ,e [T ) eik(z—zo)COSO ]
E,(0,0,z) = 87r22 /0 7(2 — sin? H)W sin 6 d6,
wZye [T (1 20)
E,(0,0,2) = =2 / (L €0S76) in(z—20) 050 i, ¢ i,
87k Jo cosf
— Z.WZME "1 + a? ik(z—z0)x
E.(0,0,2) = Sk /1 e dz.




