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1 Point Spread Function (PSF)

e Consider the set-up of Fig.1. Replace the single dipole emitter by a pair of incoherently
radiating dipole emitters separated by a distance Az = A\/2 along the z-axis. The two
dipoles radiate at A = 500 nm and they have the same dipole strength. One of the dipoles
is oriented transverse to the optical axis, whereas the other dipole is parallel to the optical
axis. The two dipoles are scanned in the object plane and for each position of their center
coordinate a signal is recorded in the image plane using a NA = 1.4 (n = 1.518), M=100X
objective lens.
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Figure 1: Configuration used for the calculation of the point-spread function. The source is an
arbitrarily oriented electric dipole with moment p. The dipole radiation is collected
with a high-NA aplanatic objective lens and focused by a second lens on the image
plane at z = 0.

(a) Determine the total integrated field intensity (s1) in the image plane.

Calculating the power without pinhole.

Infinite PlaneZ =0

The electric field is given by
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where
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The power can be written as (the two dipoles are incoherent)
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where after integration over ¢, (1:80 + 1:022)27r corresponds to u, and 41:81 27 corresponds
to p, respectively.

We can write I} = fooo pdpfgo as
S8} Omaz f
I :/ pdp / Veos@sinf(1 + cosb)Jy {kz’psin&(f/)] do
0 0
emaa:

X Vecos 0 sin @' (1 + cos 0')Jy [k’p sin H'J{/] ay’.
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Consider the closure theorem for Bessel functions,

o
/:cdx Jn(abx) Jm(a'bz) = W.
a

By using the closure relation, we can write I as follows

0
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Now we can write I, = [;° pdplg, as
oo Omaz f
I, = / pdp / Vcosfsinf(1 — cosf)Jy [k'psinﬁ(f/)] do
0 0
emaz

X Veos 0 sin@ (1 — cos0')Jy [k:’p sin 6’/;/] do'.
0

By using the closure relation we can write Iy as follows
Gmaz
I, —/ df cos fsin® B(1 — cos §)?
0

1
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Now, for the u, dipole we get
gmaz
L+1, / df cos 0sin O[(1 — cos 0)? + (1 + cos 0)?],
0

emax
= 2/ df cos Asin H(1 + cos 6?).
0
Using = cos 6, dr = —sin6df, where § = 0,z = 1, we get

hat o o[ e+ = g+
cos Omazx
= [1- cos? Omaz] + %[1 — cos? Omaz)s
= [Sin2 Omaz] + %[1 + cos? Omaz][1 — cos? Omaz)-
Considering NA = sin 0,542, we get

1
I + I < [NA%] + 12— N A?|[N A?).

Therefore, for the u, dipole we get the simplified equation

I+ =

[N A?] [_NAT
(W)2()? 2

For the p, dipole we get I3 = 4fooo pdpfgl,

oo Omaz
I3 = / pdp / df VcosOsinf(1 + cosb)Jy [k'psin@(f)]
0 0

f/
Omaz f
X Vecos 0 sin@' (1 + cos0').Jy [k’psin@'f/] dy’,
0
By using the closure relation we can write I3 as follows
emaz 4 Gmaa) 4

I3 = / df cosf sin’ Of = / df cosf sinf(1 — cos? 0)71‘

0 wr(&)2sin0  Jo w2k
Considering x = cos 8, dx = — sin #df, where § = 0,x = 1, we can write

1

1 271 4
Is / dr z(1 — 2?) = [z] — [x] ,
cos Omaz 2 cos 0 4 cos 6

= %(1 — cos? ) — %(1 — cos9).

Considering NA = sin 0,4, we get

NA2_1
4

I3 [NA%(2 - NA%)],
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and finally

13 — NA4 X ﬁ
(K)*(5)
Using the magnification M = fTI, the total power can be written as P = [NA2 + NTAAI} M?,

<
but since G x %, the power is P = [N A? 4 NTM} (independent of the magnification).

(b)Calculate and plot the recorded image (s2) if a confocal detector is used. Use the
paraxial approximation.

Infinite PlaneZ =0

Pinhole
Z

Calculating the power with pinhole.

In this situation we cannot use the closure relation because of the pinhole. Assume that
the pinhole area is very small. Hence the formula for the power can be written as

Ap B B Ap 5
P= / p dp[I5y + Ig)2m + 4/ p dpI32m.
0 0
Consider the asymptotic behavior of Bessel functions
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Then we have,

emax

Iy = Vcos @ sinf(1 + cos0)db.
0
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Considering x = cos 8, dx = — sin #df, where § = 0,x = 1, we can write

1
Io():/ dx (1—|—.%')\/5

0S Omaz

Similarly for Iy; we obtain

0 /S

max k 0

I = Vcos 0 sin® 0 p;m do,
0

1 /
101 :/ dx (1—.382)\/5 kpf

0S Omax 2f !
Similarly for Ips we obtain

Omax k")?(p)? sin? 0
Ipo = Vcosfsinf(1 — cos 9)( ) ) 3 (
0

=
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If you consider the diffraction integrals as a function of numerical aperture, NA, then you
can write Ig; and I as follows:

Ino = foo(NA),

1
I = f01(NA)/€//)M,

1

Too = e (NAYK? () s

Thus the power can be written in terms of Iyg, Iy1 and Iyo as

Ap 2 k' 4 4 Ap k' 2.2
P:27r/0 pdp{f§o+f‘)2()p}+87r/o pdpfgl( ]\)42p

6404
For p, we can write:
Ap
27r/ pdp = w(Ap)? = A,
0

where 0 A is the pinhole area. Similarly for p,

Ap k12 2 k‘l2 A 4 2]45,2
S T T
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Hence the power can be simply expressed as follows:
(k")
P=— |foNA (6A) + f5i NA = (5A)?

where one can notice that now the power is also a function of the magnification, as
intuitively expected.

Also, in the case of with and without the pinhole we have assumed that the there is no
displacement between the two dipoles.

(c) Discuss what happens in (a) and (b) if the dipoles are scanned at a constant height
Az = \/4 above the image plane.

In the case of (a), without pinhole the power was independent of the position, but, in the
case of (b), with pinhole, the power is dependent on the position.

Focal planein the
image space

Pz Bessel function

Px Bessel function

If we compare the u, Bessel function and p, Bessel function on the focal plane, we can
see that u, forms a doughnut shape where as u, has an Airy pattern. This is the case
of two dipoles aligned in same plane. If the two dipoles are shifted, the corresponding
PSF will also shift. The distance between the maxima of u, and secondary maxima of
1, corresponds to A.

In the object space A can be expressed as A = %, whereas in the Image space A can be
expressed as A = M %

Thus if we move one dipole, the transmission will change accordingly due to the presence
of the pinhole. For example, in the confocal detection, since we are not imaging the PSF
it is possible to happen that if we have a second emitter, which is shifted, then the in-
tensity of the shifted emitter becomes comparable to the first one even if they are having
different orientations. So, this can make difficulty in interpreting the data. This problem
can be improved by confocal microscopy. In confocal microscopy, it will be possible to
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suppress the excitation from the shifted dipole.

e A continuously fluorescing molecule is located at the focus of a high NA objective lens.
The fluorescence is imaged onto the image plane as described in section related to the
PSF. Although the molecule’s position is fixed (no translational diffusion) it is rotating
in all three dimensions (rotational diffusion) with high speed. Calculate and plot the
averaged field distribution in the image plane using the paraxial approximation.

The paraxial point spread function (PSF) for a molecule oriented along z or y is

4 2 2 4 ~
. 7t py + py NA® [ J1(27p)

1 E(z,y,z=0)*> = Y 2 .
ema:-gw/Q‘ @9,z =0)l enn/ A6 M? 27p

Here, p = NM—/? and |E,|? = |Ey|?.

For a molecule oriented along z

2 &

w
E(p, Qba Z) = GO?GPSF(pa ¢a Z) C Mz,

where
i KT ieg—rp)
Gpsr(p,¢,2) = 2 1€
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n
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Hence,

w? K f s 1 cos ¢ -

— iW(kf—k'f . .
E*(p, ¢, 2) = 60?%?6( ) o Slg¢ (—2ilo1),
where
- Omaz 1.0 _1.f 3
In Veos sin? 0., (k' psin QJJ:,)eZk 2(1=5 ()% sin® 9),
0

with M = 2.5
In the paraxial approximation, cosf ~ 1 and sinf = 6, so that

- Omazx f

Io ~ / 02J1(k'p9?)d0

0

because z = 0. Next, we use the fact that

zdz

(1 d>m (" (2)) = 2" (2).
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In our case n = m =1, hence

<1d> (21(2)) = 2Ra(2),

zdz

! 1 3
= <fp) ‘TgnachQ(xmaI)’

To (K pL0r0).

f, max

2
f k/ emax

Writing /{:’p%@maw = 27p, we get

i L= 03 J2(27p)
0 max 27 )

and
B (p, 6, 2) = w? K f i(kf—kf) [T g3 J2(27p) (Sjlor?j;
b o 2= eoc? Ami f’ n' ™Y 2mp 0 He:
. Using (w/c)? = (k/n)? = (2r/A\)?, k' = 270’/ and 63,,, = NA3/n3, we obtain
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The PSF is the sum of the PSF for all 3 components, i.e.,
PSF = |[E”|” + |[EY|* + [E*|%.

We remark that the PSF associated with the z orientation exhibits a doughnut shape and
it is proportional to N A instead of N A%.
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