
Optics, WS 2018 Solution 9

Problem 1

We are looking for Fourier transform of

f (t) =

{
cos2ωpt |t| < T : −T < t < T
0 |t| > T : t > T and t < −T

F (ω) =
+∞́

−∞
f (t) eiwtdt

=
−T´
−∞

0dt+
T́

−T
cos2 (ωpt) e

iωtdt+
+∞́

T

0dt

=
+T´
−T

[
1
2 + 1

2 cos (2ωpt)
]
eiωtdt

=
+T´
−T

1
2e
iωtdt+ 1

2

+T´
−T

cos (2ωpt)e
iωtdt

= 1
2iω

(
eiωT − e−iωT

)
+ 1

4

+T´
−T

(
e2iωpt + e−2iωpt

)
eiωtdt

= 1
ω sin (ωT ) + 1

4
1

i(2ωp+ω)
ei(2ωpt+ωt)|T−T + 1

4
1

−i(2ωp−ω)e
−i(2ωpt−ωt)|T−T

F (ω) =
1

ω
sin (ωT ) +

1

4ωp + 2ω
sin (2ωpT + ωT )− 1

4ωp − 2ω
sin (ωT − 2ωpT )

Because the sinc(ω) function is maximum in ω = 0

F (ω) =
T́

−T

1
2e
iωtdt+ 1

2

T́

−T
cos(2ωpt)e

iωtdt

=
T́

−T
eiωtdt+ 1

4

T́

−T

(
e2iωpt + e−2iωpt

)
eiωtdt
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but
1
2π

∞́

−∞
eiωtdt = δ (ω)

1
2π

∞́

−∞
ei(ω∓2ωp)tdt = δ (ω ∓ 2ωp)

Problem 2

F (k) = Ff(x)

a) F{1} = 2πδ(k)

The inverse Fourier transform of F (k) is defined as

f (x) =
1

2π

∞̂

−∞

F (k) eikxdk

On the other hand F−1{F (k)} = f(x) and according to the question f(x) = 1 and F (k) =
2πδ(k).

Now if we put F (k) = 2πδ(k) in Fourier inverse

f (x) =
1

2π

∞̂

−∞

2πδ (k) eikxdk

forδtheintegralis
∞́

−∞
f(x)δ (x− x0) dx = f (x0)

→ f (x) = e(0) = 1

b) f(x) = A cos k0x

F (f (x)) =
∞́

−∞
A cos k0xe

ikxdx =
∞́

−∞

A
2

(
eik0x + e−ik0x

)
eikxdx

= F (f (x)) = A
2

∞́

−∞

(
ei(k0+k)x + ei(k0−k)x

)
dx
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as we know the delta diraac is

2πδ(k) =

∞̂

−∞

eikxdx

→ F (f (x)) = πA (δ (k0 + k) + δ (k0 − k))

Problem 3

rect

∣∣∣∣x− x0a

∣∣∣∣ =


0 |(x− x0) /a| > 1
2 → x > a

2 + x0 and x < −a
2 + x0

1
2 |(x− x0) /a| = 1

2

1 |(x− x0) /a| < 1
2 → −a

2 + x0 < x < a
2 + x0

F (k) =
−a

2´
−∞

0eikxdx+

a
2́

−a
2

1eikxdx+
∞́

a
2

0eikxdx

= eikx

ik

∣∣∣a2
−a

2

= 1
ik

[
eik(

a
2 ) − eik(−

a
2 )
]

= 2i
ik sin

(
k a2
)

→ F (k) = 2
k sin

(
k a2
)

Problem 4

Any periodic signal x(t), can be reconstructed from sine and cosine waves with frequencies that
are multiplies of the fundamental ω. The an and bn coefficients hold the amplitudes of the
cosine and sine waves, respectively.

x(t) = a0 +

∞∑
n=1

an cos(ωtn)−
∞∑
n=1

bn sin(ωtn)
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The The Fourier series analysis equations are:

a0 =
1

T

ˆ T/2

−T/2
x(t)dt,

an =
2

T

ˆ T/2

−T/2
x(t) cos(ωtn)dt,

bn =
2

T

ˆ T/2

−T/2
x(t) sin(ωtn)dt,

and in this problem we have:

Problem 5

f (t) = A sin (ωt+ ε)

Cff (τ) = lim
T→∞

1
2T

T́

−T
f (t) f (t− τ) dt

= lim
T→∞

1
2T

T́

−T
A sin (ωt+ ε)A sin (ωt− ωτ + ε) dt

we also know that
1

2
cosα− 1

2
cosβ = − sin

(
α+ β

2

)
sin

(
α− β
2

)
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then α = ωτ and β = 2ωt− ωτ + 2ε then

Cff = lim
T→∞

A2

2T

T́

−T

[
1
2 cos (ωτ)−

1
2 cos (2ωt− ωτ + 2ε)

]
dt

= lim
T→∞

A2

2T

1
2 cos (ωτ) (2T )−

1
2

=0︷ ︸︸ ︷
sin (2ωT − ωτ + 2ε)− sin (−2ωT − ωτ + 2ε)

2ω


→ Cff = A2

2 cos (ωτ)
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