Hierarchy of representations:

Shroedinger — Y(t) Evolution of a pure state

Liouville — Von Neumann — [H, p] Evolution of a statistic ensemble

Liouvile — L ,T’  Evolution including damping

How to consider a time evolving system under a

perturbation
L dlYs(t) > Time dependent Shroedinger equation
if dt = H[ps(t) > Time dependence is in the wavefunction
; E
Y(r,t) = er)e @t w=— ; Hp=Ep

N.B.: As any wave, Y is a function of position and time. Time dependence is an oscillating constant term that does not
change the probability 1)2. Frequency of oscillation w results from the solution of the stationary Shroedinger equation.



We can define a new operator to cancel out the time dependence on 1 and let the function
propagates free over time:

Y) = e ~tHo (t=to)/h W(t,)

Free evolution operator
U(t to) — e_iHO(t_to)/h or propagator

The system doesn’t change
under the static hamiltonian
Hy, it only translatesin time.

Properties:

* Hermitian operator

* Composition property:
U(t,ty) = U(t, t;)U(tq,t) ty >ty ot

e Time reversibility:
U 1(t,,t) = U(t, ty)



< A(t) >=<yp@®)| As () > Shroedinger
<A(t) >=<y0)| UTAs U |p(0) >

< A(t) > =< 1p(0)| AH ) |¢(0) > Heisenberg: time dependent operator

What if H is time dependent:

it _ 1, 1,
U(t ty) = exp ——j H(t")dt' e ¥ =1—x+—x2——x3+--
h to 2! 3!
U(t, ty)
i t i 2 ,t T R R i 3 ,t T T . _ .
= 1——J H(T)d’[-l—(——) J drf dT’H(T)H(T’)+(——) j drj dr’f dt"H)H)H(E) + -
h to h to o h to to to

t>t>17 >1" >+ >1t, Timeordering:
factorial terms omitted because of time ordering
permutating terms not possible



Interaction with EM field: to describe an evolving system under a perturbation we need time evolution on both ¥ and H:

Perturbation theory at 1st order

P(t) Ht) = Hy + V(1)

A small perturbation allows for
conservation of the basis set |n>
of the unperturbed hamiltonian

INTERACTION PICTURE:

to divide the stationary part of hamiltonian from following EM perturbations on the system,
we define Y, :

If we apply the free-propagator,

_ gt
1Y, (@) > = Uy (t, to) [hs(to) > we can rewrite Y5 so that we are
i{)t \ it solidal to its constant oscillating
€ € part.

Time dependence is only due to the
perturbating part V(t)



Time evolution in the interaction picture:

dlps >
if "zi = H(t) | >

. d
lha(uo(@ to) |, >) = [Hy+ V()] Uy(t, t) 1Yy >

au d|l,b > i
—0|1/)1 dlt Ug = _i_'l[H0+ V()] Uplyy >
Ug(t, t) = e~ Halt=to)/R
[ |1/)1
— = Holffiy >+ =——y/+ V()] ol >
dly, > i
o=~ 5 U V(OUolh, >
Formally indentical
v > _ to shroedinger time
= O > 5

dependent equation



V(t) oo
[ n t T, T,
Ut tg) = Un(tt) + . (~ ) f dr, f dr, ;.. j dt,Uy (6,7,)V (2, Uy (1, Ty DV (T 1) o
n=1 to to to

\

Ho
U (12, 7))V (1) Up (T4, t0)

A
2% % \%r V; = EM field interactions

bo 2 T1 2Ty 22T 12T, >t

During the free-evolution propagator U, the system rearranges and relaxes.

That evolution operator can be applied on a pure state i as well as on a statistics ensemble p.



P:
b(E) >= [(te) > +;(— %)n ft :drn jt :ndrn_l jt :zdrlUO(t,rn)V(Tn)UO(ann_l)V(Tn_l)

e Ug (T2, 7))V (7)) Up (T4, ) [$(E0) >

[W(©) >< Y| = Uy (t, o) [ (t) >< DIV Ty (t,t0)

p(t) = Up(t,tg) - pi(t) - U T (6 t)

____H,’\
h[ 1,P1]

> LNt T, T,
p(t) = p(ty) + z (-%) ft dTn_It dty_q ft dt, Uy (t, tg) - [Vi(en), - [Vi (21, p(80)]] - UJ(t, to)
n=1 0 0 0

Vi=u-E



P(t) = Tr{up} Expectation value of the macroscopic polarization

Infinite time evolution: ty=- o
T >

- Nt Tn Ty
PM(¢) = (— %) j_oo dt, f_oo dt,_4 ...J_wdrlE(Tn)E(Tn_l)
E @) pe (), o [u(y), p(=o0)]])

Tritepes
Tq [4) T3
— 00 | : I I I — Notice: u is still in the interaction picture,
| t It contains free-evolutions
0 15 t i3

The non-linear response function S is the convolution of N electric fields with the non-liner response
R(M of the system:

SMW () =E,E,_; ..E; ® R™ (1)

RM (t) = (ue|ttn, - g, p(=0)]])



Take notice:

P(t) = P\(f’)(t) + PO®D) +PAD@) +PB(E) +--- Timedomain

before perturbation

P(w) = yE + y*EE + y®EEE + --- Frequency domain

Analyzing the system response function R™(t):

R () = (pe[ptn, - [11,p (= 0)]])
t = observation time

Linear term: p(=) = p,
RV () = (uelpq, pol)
= (UeM1Po) — (UePo )

= (utul po) — (poul ,ut) invariance of the trace to permutations

= (Ut l1Po) — (Uel1Po) )
=R — Ry



Ry — Ricc. = (Uett1Po) — (Helta o) Feynman diagrams:

Trineuq Y >< 9}

 Two linear termsinthe response function
* One operates on the bra and one on the ket
* Both define the same process

4
v : | Only the process with the emission from
’*.,. the ket is considered !!
e fl0><Of_ ___. t
 Time evolution is represented by vertical
arrows from bottom to top
__i><of t, * side arrows represent interactions with the
electric field
E / * The lastarrow rises from the system and
1 10 >< 0] ; represents the signal: it restores a population
0 state
W > < | * Between interactions there is free evolution
of the system described by super-operator
ket bra C(t) = vAU*
E, = elkTHIOt  Fachfield interacts only for a specific wave vector k and frequency w

Phase matching condition Resonance condition



E*,

stim.emission \ /
/ \ E*

|ket> <bra]

E,, stim.emission

absorption E_ absorption

n

E, = ptkr+iwt +k 4w

E = e tkr—iwt —k,—w



The pump — probe

Feynman and ladder diagrams:
Third order term:

R®) (t) = (,ut [.u?,; [#21 [#1;,00]] ]>

2™ terms and 2™ 1 independent terms

(U3 s Uy Po) = Ry Uetztati1Po) = R
+H(Uel3Polh1t2) = Ry etz Potiaiz) = R,
+HUelp PoMiUz) = R3 UetaPobistiz) = R 3
(U1 Polaltz) = Ry (e th1 Potiztiz) = R 4
Esig
v...,“lo — OJ B 6K, 1
Es _7|I1 < 0| koig = ki — kp + ks 1 A
"2 ™\ flo >0l Wsig = W1 — Wy + W3
E1/,|1><0|| v v IO:t>

10 >< 0|






