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1 Electrons get their Bands and Gaps

As shown in the figure below, in the k-space of a 2D square lattice (lattice constant: a), denote
the points T' : (kz, ky) =(0,0), X : (7/a, 0), and W : (T, 7). The nearly free electron band-
structure assumes no crystal potential, but a lattice.
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Figure 1: 2D reciprocal lattice

(a) Draw the nearly free-electron bandstructure from the BZ center in the I' — W direction
slightly beyond the BZ edge. Identify the magnitude of k at the BZ edge, and express
the energy in terms of F' = 2w2h?/ma?. Include reciprocal lattice vectors smaller than
2 x 27/a.

(b) Label each band with the reciprocal lattice vector it is associated with. Clearly point out
the degeneracies of each band.

Consider now that the basis atoms produce a 2-D potential V (z,y) = —4%005(%;71)003(@).

a

(¢) Find the bandgap at the W point due to this potential. Be judicious in choosing the basis
set.

(d) The lowest energy at the I' : (kg, k,) = (0, 0) point before the potential was turned on
was Fr(0,0) = 0 eV. Give an estimate of the change in this energy eigenvalue due to the
periodic potential.

2 Exponential Approximation of the Fermi Function

When E — E¢ > KT, the Fermi function f(F) = W/KTMJ may be approximated by an
e

exponential function. Similarly, when Ey — E > KT, 1 - f(E) may be approximated by an
exponential function. These conditions apply when the Fermi level lies within the bandgap,
but away from its edges by an energy of a least several KT (at room temperature KT =~ 0.026
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eV whereas F; = 1.12 eV in Si and 1.42 eV in GaAs). Using these approximations, which apply
for both intrinsic (undoped) and doped semiconductors, show that

n = /Oo n(EYdE, p= /_i p(E)dE,

where n and p are the concentration of electrons and holes (populations per unit volume),
respectively. gives

Ec—Ejf

n = N.e ~ KT
Bp-Ey

p= N,e KT

_Eg
np = N.Nye KT,

where N, = 2(27”%#)3/2 and N, = 2(27”72#)3/2. Verify that if E is closer to the conduction
band and m, = m¢, then n > p, whereas if it is closer to the valence band, then p > n.

3 Joint Density of States

Derive the joint density of states J,, for one-dimensional and two-dimensional critical points.

4 Absorption coefficient for interband transitions

Assume an isotropic solid with band maxima and minima at & = 0. Show that the absorption
coefficient for forbidden direct transitions is proportional to (hw — &)%/?/hw, where & is the
direct band gap energy. Show that for indirect transitions from the valence band maximum to
conduction band minima near the Brillouin zone boundary, the absorption coefficient is given
by the equation:

hwthwy—8&q
o / (hw + hwy, — E5)32EV2AE o (hw + hwy, — &5)°.
0

5 Graphene Density of States, Fermi-Dirac distribution

The electrons in the conduction band of graphene are free to move in 2-dimensions, forming a 2-
dimensional electron gas (2DEG). The energy-momentum dispersion relationship for the 2DEG

electrons in graphene is E(ky, ky) = vry/kZ + k2, where v is a parameter with dimensions of
velocity. For graphene, it is vp = 10% cm/s.

(a) Make a sketch of the energy as a function of the (k;, k) points in the 2D k-space plane,
and show that the dispersion results in a conical shape.

(b) Show that the density of states for these electrons is g(E) = 5%:%53|E|, where g; = 2 is
the spin degeneracy of each (k,, k,) state, and g, is the number of cones in the energy
dispersion. For graphene, g, = 2.
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(c) Show that at thermal equilibrium, when the Fermi level is at £y = 0, the number of

conduction electrons per unit area in 2D graphene is n; = %( fff;)z. Make a plot of

this density as a function of temperature for 0K < T < 500K. Explain why your plot
sets the bar on the lowest possible density of carriers achievable in graphene at those

temperatures.




